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We consider discontinuity surfaces, at which erothermic or endothermic 
reactions occur, in electrically-conducting media with infinite con- 
ductivity in the presence of an arbitrary magnetic field. 

The study of discontinuities with exothermic reactions in conducting 
media, when the flow velocity is perpendicular to the surface and the 
magnetic field parallel to it, has been carried out numerically by Gross, 
Chinitz and Rivlin [ll. We observe that this case may be reduced to gas 
dynamics, with a different relation between the internal energy and 
density. 

Demutskii and Polovin [2] studied discontinuities with endothermic 
and exothermic reactions for arbitrary orientations of the field and 
velocity, but for the case where the energy released and the square of 
the Alfven speed are much smaller than the square of the sound speed. 

Below, we consider discontinuities with release (or absorption) of 
energy, without restricting the magnitude and direction of the velocity, 
the direction of the magnetic field, and the amount of energy release. 
It will be shown that in the general case, there occur two types of de- 
tonations and two types of ionization shocks, in which the regions of 
reaction are behind the fast shocks and slow shocks respectively. Rore- 
over, there may occur four types of combustion,fronts, two of which are 
compression waves, the other two expansion waves. The investigation will 
give the changes (across the shocks) in density. pressure, magnetic 
field, gas velocity, temperature, and entropy as functions of strength of 
the wave and the energy released. 

Limits are obtained on the magnitude of the field and the amount of 
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the energy released, st which no longer occur slow detonations and two 
types of combustion, the speed of which way be close to the Alfvea speed. 
Some partial results of this paper have been published in [31. 

1. We shall consider media, in which the internal energy is related 
to the pressure p and density p thus: 

(T = PY"-'f bp+-3) 
We assume that y and C change at the d~s&ontinuity, and that the 

temperature T = ?Z’(p, p> has the above form, as given in [41; i , e. we do 
not require the medium to be a perfect gas. ‘Ihe nature of the discontinu- 
ity, and the changes in all the other variables considered, with the 
exception of temperature and entropy, do not depend on the form of the 
function f. Thus, we shall assume for simplicity that p = RapT, 

In order for the reaction to continue, there must be an in-flow of 
reacting substances. Consequently, we shall consider surfaces across 
which the mass flow is nonzero. In the case where the density is continu- 
ous, the basic jump relations assume the form [Sf 

Mere, and in what follows, the subscripts 1 and 2 denote quantities 
in front of and behind the discontinuity, respectively. !lnt et,, If,, vt 
denote respectively the normal and tangential components (to the surface) 
of the magnetic field and gas vefocity relative to the surface. 

From this, it is clear that the pressure, ma~itude of the tangential 
component of the magnetic field, and the velocity, all change across the 
shock discontinuously, the changes being determined by the initial state 
and the amount of energy release. Moreover, the magnetic field and velo- 
city may be rotated through an arbitrary angle about the normal to the 

discontinuity surface. 

2. We shall now consider that the density jws. It is readily shown 
[5] that in this case the magnetic field strengths and velocities on 
both sides of the discontinuity surface lie in one plane. This implies 
that the projections of these vectors in the plane of the discontinuity 
are colinear. We introduce two dimensionless parameters 
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Here Au,, Au,, are the jumps in the normal and tangential 
of the gas velocity. Using the laws of conservation of mass 
and using the continuity of the tangential ccnnponent of the __ 

components 
and ants, 
electric 

field strength E = (V x 11)/c, we can express the jumps in all the quanti- 
ties and gas velocities relative to the shock in terms of these para- 
meters and h, 

AR=R,-i=+&, AP=P, --p,=ri l%-~la(q~2+ql 

AP* = &* -PI* = I& v=(q+qg+L JGa=g+l 

Au = rig 
lh+~)~+~‘**=- 

‘h 
(2.2) 

y-(q+l)E+i ’ *lz= Ml 
Here Pi, R,, Pi* are the nondimensional pressure, density, and total 

pressure t respectively, Vi the nondimensional gas speed relative to the 
discontinuity, and Au, Au the nondimensional jumps in the components of 
the gas velocities, thus: 

Using the equation of state of Clapeyron, we 
ture jump: 

obtain, for the tempera- 

The law of conservation of energy then permits us to relate $ =ttn,y) 
to the parameters before the front; we have 

f(TI E; AI27 PI1 Q, Yz) = %“7) 12 - (Y, - 1) VI+ 

+ 2% [W A**$ - @I2 + VP1 + Q - 1) rl - 9]- T(7$“t2)A12 - 29 = 0 (2.5) 

where 

Here C, - C, is the chemical energy released per unit mass. In exo- 
thermic reactions g > 0, in endothermic reactions Q < 0. 

To compute the entropy change in the state behind the shock in terms 
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of 

of 

the shock parameters, we use the identity 

TdS,=----- &q- +I+- 
This implies that the entropy change has been assumed to be independent 
the change in the concentration of the substances. 

Using the law of conservation of energy at the discontinuity, the 

above identity may be transformed to 

We shall prescribe the t~le~~~~ic state and the magnetic field in 
front of the discontinuity, the energy released (I* yz, and either one of 
the two shock strength parameters 5‘ q, or a relation between them 

Y(4, 4 = 0. Then (2.5) and the indicated relation will serve to find IJ 
and $ as functions of the prescribed quantities, and relations (2.2) and 
(2.4) will give all the quantities behind the shock as well as its velo- 
city. 

We now carry out a qualitative stud of Equation (2.5) in the @-plane 
as a function of the parameters P,, h, r , q. Since P2 h 0, lrlz > 0, 
V,’ > 0, it follows from (2.2) that only the portion of the plane given 
by the following inequalities has physical meaning: 

ot[%-~h,a(rl+2)$_P1frlJZ0, h + f) E + f i-2 0, ES-j>0 

In Fig. 1, the equal signs correspond to the curves 1, 7, 8. We note 
that the lines of constant mass-flows across the shock are given by the 

hyperbolas (n + l)$ = const (analogous to the rays in the pp-l-plane in 
ordinary gas dynamics). Different points on the axis 71 = 0 for g > - 1 
correspond to the states in front of the shock with different values of 
mass flow, 

We shall go into the special case q = 0, ,%lation (2.5) assumes the 

form 

The case 7) = 0 corresponds to continuous flow, and the bracket going 
to zero corresponds to ~~etohydr~~~ic shocks. 

The function 

(2.7) 
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for different values of h12, PI and y2 is represinted in Fig. 2; the 

curves 1 and 2 correspond to the case (yB - 1) hl > 1 - y2PI, curve 3 to 
- y,P, > (yp - l)h12 > (y2 - 1)2(1 - y2P,), and curve 4 to (y2 - l)(l- 

i2P,) ’ h12. 

From the relation (2.61, it is clear that the entropy rises on the 
parts of the curves shown as full lines in Fig. 2. According to (2.21, 
these parts of the curves correspond to compression discontinuities 
(AF > 0, AR > 0); moreover, it is easily seen that the upper parts cor- 

respond to fast magneto- 
hydrodynamic shock waves, 
and the lower parts to slow 
waves. 

In Pig. 1, the fine lines 

are curves E;: = c(q; h12, 

PI’ q) for fixed h12, PI, 
y2 and different q. Curve 6 
corresponds to q = 0. AC- 

cording to (2.5). all the 

curves in this family fnter- 
sect at points lying on the 
hyperbola (?J + l)t + 1 = 0. 
These points are A(<=, 7,) 
and B(cb, q6). and in the 
case corresponding to curve 
1 in Fig. 2, also points 

C(&, +I,) and 5(5,, ‘7d)* 
Here 

Furthermore, it follows from (2.5) that for small values f qt the 
family of curves 5 = t(?$ q) differ but slightly from the curve 

f = c(q, 0). and for large values of 1 q[ but bounded values of 51 and c, 
they are close to the hyperbola 

We also note that the curves intersect the axis c = 0 at the points 

‘1 =- 1 fJ(1 - 2q/h12) and have vertical asymptotes ?J = 0, q = Z/(y, -I), 
near rhich the following expansions are valid 
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(2.8) 

In addition, straight lines parallel to either the q-axis or the $- 

axis intersect the curves at no more than two points. 

3. We shall consider, as in ordinary gas dynamics, the two types of 
discontinuities. 

1. D&continuities whose velocities depend on the wave strengths and 

are determined by the solutions of the magnetogasdynamic problems: These 

discontinuities are the shock waves, detonation waves (i.e. shock waves 

followed ismediately by a reaction zone), ionization waves (i.e. sho& 

waves accompanied by ionization). We shall call these discontinuitie; 

the “detonation” type. ‘Ihe conditions of evolutionarity, i.e. stability 

relative to splitting (or resolution) of these discontinuities, are given 

by the inequalities [2,3] 

1 >V12 > k2, v22 < a2_2 (3.1) 

where ai+, ai_ are the dimension- 

less velocities of the fast and 

slow magnetosonic waves. 

2. Discontinuities whose velo- 

cities do not depend on the wave 

strengths and are determined by 

the physico-chemical character- 

istics of the media. 

These discontinuities are the 

ordinary or thermonuclear combustion fronts, condensation shocks, photo- 

ionization discontinuities. We shall call these discontinuities the 
“combustion” type. The evolutionarity of these discontinuities are de- 

termined by one of the following pairs of inequalities 

VI2 < UL2r r/t2 < ck2; aLa <V12 < 17 a2._s < V2’ < 1 

1 <V12 < ar+a, 1-C V2” < a2+2; aI+” <V12* a2,” < V2’ 

(3.2) 
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To investigate the evolutionarity of the discontinuities, we construct 

curves in the $-plane, along which the gas-speed relative to a discon- 
tinuity before and after it equal the speeds of small magnetoh dro- 

dynamic disturbances. 
v,* = 

In Fig. 2, the equalities V12 = a1+2s VI I = aI_’ 
1 correspond to the hyperbolas 2 and 3 and the pair of intersect- 

ing straight lines c = 0, q = - 1. Equation V2’ = 1 corresponds to the 
straight line 5 = 0, and equations Vz2 = a2+’ and V22 = a2_2 to the 
Jouguet curves 4 and 5. Fqations of the lines 2-5 follow: 

The intersections of these curves with themselves and with the axis 
q = 0 from many regions in the @-plane (Fig. 1). From (3.1) and (3.21, 
it fo’lows that detonation-type discontinuities are evolutionary in the 
regions 43 and 21, and combustion-type discontinuities, in the regions 
44, 33, 22, Ii. We now consider the properties of the discontinuities 
corresponding to the different regions. 

4. In the region 43’ we have discontinuities with energy release 
(Fig, 11, at which the following inequalities hold: 

aI+* <via h, 0) <V? h !I), Vf (rl> 0) < voa h I 4) Q ha 

We shall call these discontinuities super-Alfvenic detonations. ‘Ihe 
jumps in all the quantities at these discontinuities are positive, and 
v,2 > v2z* At these discontinuities, the zones of reaction follow fast 

shocks. Since across a reaction zone and 
shock wave, the mass flow is constant, 
then processes occurring there will cor- 
respond in the r&-plane to motion along 
the hyperbola 

5 (rl + 1) = E, = const 

Fig. 3. 

From the relations (2.5), (2.6) and 

(3.3)) we obtain, along these hyperbolas 

(rz - 1) e&z = dq = ~~~t~~~~ fg (4.1) 

From this, it follows that for motion 
along the hyperbolas upward from the shock adiabat < = c(n), 0), the 
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entropy and the released energy q increase and assume maximums on the 
Jouguet curve for V, = a2+$ or, in other words, the ahove-mentioned 
hyperbolas and the curves 5 = <(q, q) are tangent to each other on the 
Jouguet curve. 

Furthermore, for motion along the hyperbolas with increasing q, the 
jumps in density, total pressure, and magnetic field all decrease toward 
the valua at the Jouguet point, and, the velocity V, increases toward the 
value a2+. The jump in the gasd~~ic pressure, as a function of the 
initial state and mass flow, either increases ~notonically, or first de- 
creases and then increases, to the value at the Jouguet point. 

Figure 3 shows graphically the change in gasdynamic pressure at the 
discoutinuit~es for constant mass flow. The values 0 < Viz < 1, VI2 = 1, 
1 < VI2 < 1 + h12, V12 = !al* + 1, aad VI2 > h12 + 1 correspond to cumes 
i-6 tn Pig. 3, respectively. Figure 4 shows graphiC8llY the total pres- 
sure for different q on the fast super-Alfvenic discontinuities. The con- 
ditions VI2 = al+‘, Vz2 = 02+2 correspond to curves i and 2: q = 0 cor- 
responds to curve 3. 

‘Be temperature jump A0 for to -t 1,near nl+2,decreases monotonically, 
while in the opposite case, it first increases and then decreases, re- 
maining positive. 

In the region 4J we have (Fig. 1) discontinuities of the detonation 
type with energy absorption ((1 < Q), at which the following inequalities 

hold 

%.k2 <Jv h Ip) <VI2 h Oh 1 <V*” @I, Q) <K12 h 0) 

b call these super-Alfvenic ionizations. In these waves, the ioniza- 
tion zone follows the fast shock wave. 

The jumps in total pressure, density, magnetic field, gasdynamic pres- 
sure (for a perfect gas), and the dimensionless temperature are all 
positive, and I’, a > V2*. From (4.1)) it follows that moving along the 
hyperbola c(r) + 1) = go downward from the shock adiabat 2 = c(r), 0) (i.e. 
in the ionization zone), the quantities S, and q monotonically decrease. 

The temperature jump A0 increases monotonically for aI+* - 1 < 

50 < %W first increases and then decreases for sol < Es < coz, and 
monotonically decreases for co2 C ca. Ihe jumps in total pressure, 
density, and magnetic field monotonically increase until either the 
entropy becomas equal to the value before the discontinuity, or the 
temperature reaches the critical value, i.e. that temperature for which 
ionization is impossible (Fig. 4). 
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In region (21+) w3 have (Fig. 1) discontinuities of the detonation 

type with energy release, for which the following inequalities hold: 

We call these discontinuities sub-Mfvenic detonations. In these waves, 

the reaction zone follows a slow shock wave. 

Fig. 4. 

Frem relations (2.2) and f2,4), we obtain for these discontinuities 

AR>O, AF>O, AP*>O, A@>(.), -hfLr<Ah<O, V,<V, 

From (4.11, it follows that moving along the hyperbola e(q t 1) = &, 

upward from the line 5 = g(q, 01, which corresponds to the reaction zone, 

there results an increase in the parameter q and the entropy S2 toward 

the maxims values, assumed on the Jouguet curve corresponding to 
VZ = B2_’ Thus, at the Jouguet point, the hyperbola is tangent to the 

curves < = Cfq, ~1. 

The jumps in density, total pressure, gasdynamic pressure, as well as 

the absolute value of the jump in the magnetic field, all decrease mono- 

tonically toward the values at the Jouguet point, and Y2 increases toward 

s2_ Wigs. 3, 5). 

Ffa;ure 5 sfiors graphically the chaases in total pressure st slow 
suyer-Alfvenic and sub-Alfvenic discontinulties. The states VI2 = al_** 

Vz = “2_ , 2 V2+2 = a*+*, v* = 0 correspond to the curves 1, 2, 3, 5. The 
value p = 0 corresponds to curve 4. 

‘ihe temperature jump A@ as a function of the initial parameters and 
the mass flow across the discontinuity may either increase monotonically, 
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or first increase and then decrease, 

We obsirve that sub-Alfvenic detonations occur only when the para- 

meters h, 
ities: 

, pt, yf and Q satisfy one of the following pairs of inequal- 

q < f hIa, 7*(+q> 1 (4.2) 

(44 

Q d !?* @A PIT To), vi- (or’ - 1) h,s < 7s (+ h,* + Ps) < f (4.4) 

where q* is the solution of the system (cf. 2.5). 

Inequalities (4.2) to (4.4) indicate that for fixed h,, P,, yz, the 
energy release is bounded. From inequality (4.2), we have 

Pt~Cl--C,)(Yl--)<Ht,aI83T for h = h 

It is interesting that when inequality (4.4) holds and 

holds also, there exist on the detonation adiabat $ = $(q, q) two 

Jouguet points, corresponding to different shock speeds. 

In the region 22-, we have (Fig. 1) detonation-type discontinuities 

with energy absorption, for which the following inequalities obtain 

aL2 < vra (% 9) <I%(% 0) < 1, v,4 CC 9) CK? (% 0) < %.z 

We shall call this type of discontinuity sub-Alfvenic ionizations. In 

these, the ionization region follows a slow shock. For sub-Alfvenic 
ionizations, the following inequalities hold: 

AR>% +h~+1>AP>O, i>AP*>O, VI2 > vaa 

‘lhe temperature jump A0 may be positive (for small 1 q[ ) or negative. 
Moving along the hyperbola $(n + 1) = go downward from the line 
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< = <(n, 0), which corresponds to the ionization zone, the quantities s, 

and q decrease according to ( 4. l), and so does the velocity V2 by (2.2). 
The temperature jump A0 for <,., + 1 close to d1_2 first increases and 
then decreases, while in the converse case, it decreases monotonically. 

The jumps in density, total and gasdynamic pressures, and the absolute 
value of the jump in magnetic field, all increase toward the values at 
which either the entropy becomes equal to the initial value, or the 
temperature equals the critical temperature. 

For the discontinuities enumerated above, in addition to the quanti- 

ties 11,2, P1, q,, y2, it is necessary to give one of the two shock- 
strength parameters e or rl. ‘Ihen the calculation of the shock reduces to 
solving a quadratic equation (2.51, and all the quantities behind the 
discontinuity as well as the shock speed are given by relations (2.2), 

(2.4). 

5. In region 44+ we have (Fig. 1) combustion-t pe discontinuities with 

energy release, at which al 2 < VI2 and n2 ’ GV2 21 . 

We shall call these fast super-Alfvenic combustion. This type of com- 
bustion may take place, for example, in thermonuclear reactions, when 
fusion causes the heating. The jumps in all the quantities at these 
fronts are positive, and VI2 > V22. 

In the region 22+ we have (Fig. 1) c~ustion-ty~ discontinuities, 

at which the inequalities a1_2 < VI2 < 1, a2_2 G V,’ d 1 obtain. We shall 
call these fast sub-Alfvenic combustion. On these discontinuities, we 
have the following inequalities: 

AR>U, AP>O, AP*>O, AQ>O, O>Ah>--i, VP>&’ 

Fast sub-Alfvenic combustion occurs for exactly the same values of the 
parameters h12, pl, y2, q as in sub-Alfvenic detonations (cf. (4.2), 
(4.3)) (4.4)). Here also, for parameters satisfying the inequalities 
(4.4) and (4.5), there will be two distinct Jouguet points on the curve 
5 = C(T), q) corresponding to two different wave speeds, and at which 
V2 = aZ_. 

In the last two cases, for given reaction speeds V,, i.e. moving 
along the hyperbola (q t l)< = co in the qg-plane from the initial state 
(axis ‘1 = O), the entropy and released enerby will both increase toward 
the maxirn~l values assumed at the Jouguet points. Moreover, the velocity 
V, will decrease from the value V, toward a2+ for super- or sub- 
Alfvenic fronts, 

of a2_* 
respectively. Jumps in density, total pressure, gas- 

dynamic pressure, and the absolute value of the jump in magnetic field, 
will also increase (Figs. 3-5). 
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In region 33' we have (Fig. 1) discontinuities with energy release, 

at which the following inequalities hold: 

We shall call these slow super-Alfvenic combustion. These become 
ordinary gasdynamic combustion with subsonic velocities as the magnetic 
field is reduced to zero. On these discontinuities 

AR<& AP*<O, --h,<Ah<% V<JT 

'Ihe jumps in gasdynamic pressure and t~rature may be either positive 
or negative. Slow super-AIfvenic c~ustion is possible only when the 
quantities h,*, pl, y2, cf satisfy one of the following pairs of inequal- 

ities: 

In region 11' we have (Fig;. 1) discontinuities of the ~~ustion type 

with energy release, at which the inequalities hold: 

b call these slow sub-~fvenic combustion. ckt these dis~o~tinuities, 
the following inequalities obtain: 

-P,<AP<O, -h,A> Ah>& A<bP*<0, V>G 

( 
A= k* + f - vCTfhla + 1)* -+ 2P,h+ 

h3 > 

Ihe te~rat~e jump 88 may be positive or negative, and the quantity 
4 may be arbitrary. 

For sub4lfveni.c and super-Alfvenic slow c~ustion, for fixed re- 
action speed and increase in intensity (~orres~ndin~ to moving along 
the hyperbola s(q + 1) = co from rl = O), the entropy and released energy 

q will increase from zero to the maxims values at the Jouguet points, 
according to (4.1). Moreover, the velocity V, will increase toward aZ+" 

aZ_ and sub-Alfvenic fronts respectively. 

?he absolute values of the jumps in density, total pressure, magnetic 
field, and gasdynamic pressure, will. increase monotonically from zera to 

the values at the Jouguet point, for sub-Nfvenic diseontinuities. 

For slow super-Alfvenic c~ustion, in which the c~ustio~ speed is 

greater than the Alfven speed in the resulting state (i.e. V12 >$'+ l), 
the jump in the gasdynamic pressure will be negative, and with increase 
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in q, will monotonically decrease to the value at the Jouguet point. When 
the combustion speed is less than the Nfven speed, the pressure jump 
first increases from zero to a maximum value, and then decreases to the 
value at the Jouguet point, which may be either positive or negative 
(Fig. 3) 

lhe jump in the dimensionless temperature, in the cases of slow super- 
Alfvenic and sub-Alfvenic discontinuities, behave in the same way as the 
pressure. 

For VI2 > l3+ (corresponding to super-Alfvenic and sub-Alfvenic dis- 
continuities), A0 is negative and monotonically decreases with increase 

Fig. 6. 

v12 - 1 E=---.-- 
rlSf 

and using (2.2)) we find all 

Solving this jointly with (2.5), 
the quantities behind the front. 

In Fig. 6, the thin lines represent curves connecting the jumps in 

in q; for V,’ < B* the temperature 
jump A0 first increases, and then de- 
creases to the value at the Jouguet 
point 

h== 
ha +J'I+ 1 f If(W+P1+ i)'+4P1 

2 

If, in a combustion type discon- 
tinuity, the reaction speed V, is 
known in addition to the quantities 

h12, pl, q, y2, then we get, from 

(2.2) 

the normal and tangential components of the gas velocity at the surface 

(9 # 0). The states VI2 = aI+2, VI2 = a1_2, Y22 = o~_~, V22 = a2+2, 

h2 = 0 correspond to the curves l-5. Curve 6 corresponds to shock transi- 
tion without energy release (g = 0). 

Combustion type discontinuities, but with endothermic reactions, can 
be studied in a similar manner. We note that, according to (4.1), a de- 
crease of entropy will occur with increase in 141; such discontinuities 
in any given situation will occur when the entropy jump is positive, 
with the variation in y considered. 
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